Abstract. Let stand for the Euler function. Given a positive integer , let ( ) stand for the sum of the positive divisors of and let ( ) be the number of divisors of . We obtain an asymptotic estimate for the counting function of the set { : gcd( ( ), ( )) = gcd( ( ), ( )) = 1}. Moreover, setting ( ) := gcd( ( ), ( + 1)), we provide an asymptotic estimate for the size of #{ : ( ) = 1}.
Introduction
Let stand for the Euler function. Given a positive integer , let ( ) stand for the sum of the positive divisors of and let ( ) be the number of divisors of . This last function has been extensively studied by A. Ivić in his book on the Riemann Zeta-Function [6] .
Given an arithmetical function and a large number , examining the number of positive integers for which gcd( , ( )) = 1, has been the focus of several papers. For instance, Paul Erdős [4] established that #{ : gcd( , ( )) = 1} = (1 + (1)) − log log log , where is the Euler constant. A similar result can be obtained if one replaces ( ) by ( ). Similarly, letting Ω( ) stand for the number of prime factors of counting their multiplicity, Alladi [1] proved that the probability that and Ω( ) are relatively prime is equal to 6/ 2 by examining the size of { : gcd( , Ω( )) = 1}. Let ( ) stand for the number of positive integers such that gcd( ( ), ( )) = 1. Some fifty years ago, Kanold [7] showed that there exist positive constants 1 < 2 and a positive number 0 such that In 2007, the authors [2] proved that there exists a positive constant 3 such that ( ) = 3 (1 + (1)) √︀ /log ( → ∞). The analogue problem for counting the number of positive integers for which (1.1) gcd( ( ), ( )) = 1 is trivial. Clearly (1.1) holds for = 1, 2. But these are the only solutions. Indeed, assume that (1.1) holds for some 3. Then is squarefree and it must therefore have an odd prime divisor , in which case 2 | ( ) and 2 | ( ), implying that gcd( ( ), ( )) > 1, thereby proving our claim.
In this paper, we obtain asymptotic estimates for the counting functions
where ( ) := gcd( ( ), ( + 1)). From here on, gcd( , ) will be written simply as ( , ) . In what follows, we shall denote the logarithmic integral of by li( ), that is li( ) := ∫︀ 2 log . Moreover, given an integer 2, we shall let ( ) stand for the number of distinct prime factors of , with (1) = 0. Finally, the letters 1 , 2 , . . . will stand for positive constants, while the letters and , with or without subscripts, will always stand for prime numbers. 
Main results

Preliminary results
To prove our results we shall need the following lemmas. 
Finally, setting
Proof. For a proof of this result, see Chapter 4 in the book of Hooley [5] .
where 1 and 2 are positive constants.
Proof. The proof is a simple application of the Sieve of Eratosthenes and we shall therefore skip it.
The proof of Theorem 1
Let be the set of those integers for which
Clearly, we can ignore all solutions of (4.1) which are powers of 2 (namely the even powers of 2). Hence, we only need to consider those solutions of (4.1) such that | for some odd prime . In this case ( ) must be even, meaning that ( ) must be odd, implying that = 2 for some positive integer . Now, the size of the set of those integers = 2 for which is a squarefull number and with satisfying (4.1) is small since it is clearly no larger than 1/4 for some constant > 0. Ignoring these integers , we may assume that 3| ( ) and consequently that 3 does not divide ( 2 ) = ( ). Let us now write = , where is squarefull and is squarefree, with ( , ) = 1. Assume that > 1. Then we have
For each squarefull integer , let be the set of those = 2 ∈ for which = and let
It follows from this that we only need to consider those squarefull numbers log
, where is a squarefree number whose prime factors are ≡ −1 (mod 3). Hence,
Therefore, by standard sieve techniques, one can easily establish that, for some positive constant 6 ,
Since ∑︀ squarefull 1 < +∞, it follows from (4.3) that
Let us now estimate ( ) for a fixed squarefull number . We separate the different squarefull 's into two classes:
Class I = { : (
2 ) = power of 3},
But first consider the case = 1. In this case = √ , and the prime factors of satisfy ≡ 1 (mod 3). On the other hand ( , 3) = 1. Hence, letting = 1 2 · · · , with 5 1 < 2 < · · · < , it follows that
Since ( ( 2 ), 3) = 1 and ( ( 2 ), 3) = 1, it follows that 2 ∈ 1 .
one can use the classical method of Landau (see his book [9, pp. 641-649]) and deduce that (4.5)
for some positive constant 7 . Now, assume that ∈ class I, in which case ( ( 2 ), 3) = 1 and ( ( 2 ), 3) = 1. Then = 2 2 , with ( , ) = 1, belongs to if and only if is squarefree and all its prime factors satisfy ≡ −1 (mod 3), in which case
It follows that, for ∈ class I,
implying that, for some constant 8 > 0,
Consider now ∈ class II, . Let | ( 2 ), ̸ = 3. In this case, . If ∈ , then = 2 2 and (3, ( )) = 1. Consequently, | implies that ̸ ≡ 1 (mod 3) and ̸ ≡ 1 (mod ). By using the Selberg sieve, we obtain that, for some positive constant 9 , ( )
From this last estimate, it is clear that we can ignore those ∈ class II. Hence the main contributions to ( ) comes from (4.5) and (4.6), thus completing the proof of Theorem 1.
The proof of Theorem 2
Let := { ∈ N : ( ) = 1}. If ∈ , then one of the numbers ( ) and ( + 1) must be odd, implying that either or + 1 is a square. So let us set 0 ( ) := #{ : ∈ , = square},
so that ( ) = 0 ( ) + 1 ( ). We shall therefore consider two cases, namely the case when ( ) is odd, and thereafter the one when ( + 1) is odd. We start with the first case. In this case, ( ) = 1 implies that = 2 , so that ( + 1) = ( 2 + 1). Write = , where is squarefull and is squarefree, with ( , ) = 1. The contribution of the case = 1 to 0 ( ) is clearly ( 1/4 ), since in this case = 2 2 =
2
, that is √ . Similarly, write + 1 = , where is squarefull and is squarefree, with ( , ) = 1, in which case, ( + 1) = ( )2 ( ) . As above, the contribution of the case = 1 to 1 ( ) is no more than ( 1/4 ). Hence, from here on, we will assume that > 1 and > 1.
Given squarefull numbers and , we set
Note that we clearly have ( | , ) ( | , ). Hence, our first goal will be to prove
Assume first that is arbitrary and fixed. We shall sum over those positive integers , for which . We will find an upper bound for the number of solutions of
First we consider the contribution of those in the above which have a squarefull divisor such that √ . In this case, 2 + 1 ≡ 0 (mod ) implies that 2 + 1 ≡ 0 (mod ). Adding up the contributions of all such 's, (5.2) ( 1 ) ( 2 ) ( , ; 1 , 2 ), 2 stand for the set of all pairs of squarefull integers , , with ( , ) = 1, for which (5.10) (2 ( ), 3 ( 2 )) = 1.
Observe that = = 1 satisfies (5.10) and that we have Proceeding along the same lines as in the first case yields the estimate 1 ( ) = (1 + (1)) 11 √ ( → ∞), for some positive constant 11 . Since the rest of the proof is similar, we shall omit it. This completes the proof of Theorem 2.
